A self-consistent treatment of the spin-Hall effect requires consideration of the spin-orbit coupling and electron-impurity scattering on equal footing. This is done here for the experimentally relevant case of a [110] GaAs quantum well [Sih et al., Nature Phys. 1, 31 (2005)]. Working within the framework of the exact linear response formalism we calculate the spin-Hall conductivity including the Dresselhaus linear and cubic terms in the band structure, as well as the electron-impurity scattering and electron-electron interaction to all orders. We show that the spin-Hall conductivity naturally separates into two contributions, skew-scattering and side-jump, and we propose an experiment to distinguish between them.
Introduction.-The current focus of spintronics based on spin-orbit (SO) interactions is on the spin-Hall effect [1] [2] [3] [4] (SHE), i.e., the generation of a steady spin-current transverse to a dc electric field. The recent experimental observations of the SHE [5] [6] [7] have enhanced the interest of the community in this topic. At first sight the SHE seems to arise from two quite different mechanisms: one associated with SO interactions between electrons and impurities [1, 2, 8, 9] , and the other connected with SO interactions in the band structure of the material [3, 4] . In reality, the two mechanisms are inseparable. On one hand, the presence of electron-impurity scattering is essential to ensure that the system reaches a steady state in the presence of the electric field. This means that the dc limit (! ! 0, where ! is the frequency of the electric field) must be taken before letting the electron-impurity scattering time tend to infinity in the ''clean limit.'' On the other hand, the unitary transformation that reduces the original multiband Hamiltonian of the solid to an effective Hamiltonian for, say, the conduction band, not only generates SO coupling terms (for example the Dresselhaus term) but also modifies the position operator [see Eq. (3) below]. All the above effects have an impact on the spin-Hall conductivity (SHC). The socalled skew-scattering (SS) contribution [10] arises from the asymmetry of the electron-impurity scattering in the presence of SO interactions [11] . The ''side-jump'' (SJ) [12 -14] comes from the change in the form of the position and velocity operators. Finally, the ''intrinsic'' [15] contribution arises from the SO coupling terms in the effective Hamiltonian. Notice that the side-jump and the intrinsic contributions have a common origin in the unitary transformation that reduces the multiband Hamiltonian to an effective one-band Hamiltonian.
Although all types of contributions are present in experiments [5] [6] [7] , theoretical approaches usually focus on one or the other. Some papers focus on the band structure effects neglecting the effect of spin-orbit coupling on electron-impurity scattering [16, 17] , others on the SS and SJ effects, ignoring spin-orbit interactions in the band structure [9, 18, 19] . A complete theory should of course describe all contributions on equal footing [20] . Furthermore, it would be desirable to have a way to distinguish experimentally the various contributions.
In this Letter we present a complete theory of the SHE for an experimentally well-studied system, a GaAs [110] quantum well (QW) [7] , in which the electron-impurity and the electron-electron interaction can be studied simultaneously and consistently with the spin-orbit terms in the band structure, namely, the linear and cubic Dresselhaus terms. Let us emphasize that in this system the spin current and the SHC are well defined because the z component of the spin is conserved. We show that the Dresselhaus terms do not contribute while the conservation of S z component implies that the SHC includes only ''pure'' skew-scattering and side-jump contributions. Furthermore, we are able to prove (using exact linear response theory) that the sidejump contribution is independent of the strength of disorder and Coulomb interactions, a fact that had been shown on the basis of perturbative calculations to first order in disorder [14, 21, 22] , but never before shown to be true at all orders in the strength of the interactions and disorder potential. By contrast, in a [001] QW we find that the nonconservation of S z causes corrections to the sidejump effect, as well as the appearance of intrinsic contributions to the SHC from the nonlinear Dresselhaus term.
Thus, the spin-Hall effect in a [110] GaAs QW offers a hitherto unexplored opportunity to measure pure skewscattering and side-jump contributions. And since the skew-scattering spin-Hall conductivity increases with increasing mobility while the side-jump conductivity is not affected, we can propose a new experiment, where the change in the sign of SHC with temperature reveals the dominance of one or the other mechanisms.
Model and results.-Our effective Hamiltonian for the conduction band of a [110] QW includes Dresselhaus spinorbit couplings, as well as SO corrections to the electron-impurity and the electron-electron (e-e) interactions:
Herep i ,r i are the canonical momentum and position operators of the ith electron, V e-e P jÞi e 2 b jr i ÿr j j ,V Ti Vr i V e-e is the total potential acting on the ith electron due to random impurities [Vr] and e-e interactions in the (110) plane,Ŝ iz is the Pauli matrix operator, x, y, and z are Cartesian component indices with z along the [110] axis, m is the conduction band mass, e is the absolute value of the electron charge, E 0 is a ''built-in'' electric field originating from the crystal symmetry, and the quantities 1 , 2 , 0 2 are the strengths of SO coupling in the semiconductor, whose values can be calculated from the matrix elements of the momentum operator between different bands within the 14 14 band model [23] . Notice that S iz is a constant of the motion. Although 1 , 2 , and 0 2 are connected, we assign them different labels in order to (artificially) turn off one or the other effect in our calculations. These calculations are done to first order in the 's, which is correct if energies associated with the 's are much smaller than the Fermi energy. Notice that the SO coupling energy is not required to be much smaller than @=.
We perturb the system with a uniform electric field of frequency ! in the x direction, which is described by a vector potential e cÃ t e i! Eẽ x e ÿi!t c:c: The perturbed Hamiltonian, to first order in E, is obtained from the canonical replacementp !p e cÃ t, which gives
We want to calculate the magnitude of the transverse z-spin
, wherev iy is the y component of the velocity operator. To find the correct expression forv i we note that, as a result of the transformation from the original multiband Hamiltonian to the effective Hamiltonian Eq. (2), the physical position operator no longer coincides with the canonical position operatorr i , but is given by [24] 
The velocity is the time derivative ofr phys and making use of ÿ 1 c _Ã Ẽ we find (to first order in the 's and dropping a ''diamagnetic'' term with zero average)
It is essential for what follows that a steady state be established in response to the dc electric field. In the steady state regime the average force exerted on electrons of either spin by impurities and other electrons hÿrV T i must be exactly balanced by the average force exerted by the electric field ÿeẼ. So for the average spin current, the last two terms of Eq. (4) cancel out and we get
where n is the electron density. The first term on the righthand side (rhs) of Eq. (5) produces one half of the sidejump contribution to the SHC, while the second one is the intrinsic term generated by the internal field E 0 . The SJ and intrinsic terms have the same form. However, the term 2 neE 0 =@ does not depend on the external electric field and because hJ z y i 0 in the ground-state, it is canceled by the ground-state average of the other terms. Now we use the linear response theory to calculate the average spin current hJ z y i to first order in E. So we write J z y t SH yx !Ee ÿi!t c:c:, where the spin-Hall conductivity, SH yx ! to the first order in the strength of SO coupling is given by the Kubo formula:
where^P is the total momentum operator of the system, A is the area of the 2DEG, and hhÂ;Bii ! ÿ i @ R 1 0 hÂt;B0ie ÿi!t dt, where h. . .i is shorthand for the Kubo linear response function.
We now show that the second term on the rhs of Eq. (6) can be calculated exactly and, combined with the first term, gives the full side-jump contribution to the SHC. We first PRL 
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where in the last step we have used the well-known property of linear response functions,
and the fact thatŜ 2 iz 1. The value of the hhP y ;P y ii response function in the ! ! 0 limit is easily obtained from the condition that the ordinary dc conductivity
is finite for ! ! 0 [25]. This implies that the quantity in the square brackets of Eq. (9) vanishes in the limit ! ! 0, i.e., [26, 27] :
Furthermore, it is easy to see that the terms proportional to 
The first and the second term on the rhs of this equation are naturally identified as the side-jump and the skewscattering contributions to the SHC. Indeed the second term on the rhs of Eq. (11) is simply the response of the y component of the canonical spin current to an electric field that couples to the x component of the canonical particle current. This response includes neither the anomalous velocity nor the anomalous coupling to the electric field, and furthermore it vanishes for 1 0 (again, because of odd parity with respect to p ix ); hence, it cannot be sustained by the band structure alone. Thus, we conclude that the total SHC for a [110] QW [7] is the sum of a universal side-jump contribution and a skew-scattering contribution due to the impurities: 
where ss yx lim
and sj yx 1 ne.
Notice that we have not assumed that either disorder or the Coulomb interaction is weak: thus we have proved that the side-jump SHC in a [110] QW is independent of disorder and the Coulomb potential to all orders in the strength of these interactions. The proof, however, depends on the conservation ofŜ z , which is a special feature of the [110] QW. WhenŜ z is not conserved, then Eq. (7) is no longer true. The spin precessional frequency p , while proportional to , will not be small in comparison to 1= in the clean limit. As a result, terms that could be safely disregarded when p was zero (conserved spin), become very large when p 1 and may even diverge when 1= tends to zero before p . This is the basic mechanism through which the side-jump contribution can be modified by spin precession and intrinsic contributions to the SHC can also appear. Indeed, in the case of a [001] GaAs QW we find that the left-hand side of Eq. (7) vanishes in the clean limit, thus reducing the side-jump contribution to 
where is the mobility, ss is the SS relaxation time inversely proportional to 1 , and is the spin-drag coefficient [9, 28, 29] . It is seen that e-e interactions are quite relevant here and reduce the SS term in Eq. (14) by the factor 1 . Moreover, the two contributions in Eq. (12) have opposite signs for an attractive impurity potential, typical for mobilities dominated by the dopants producing mobile carriers, and the SS conductivity increases with the mobility while the SJ is independent of it. If the mobility is dominated by repulsive impurity potentials the two contributions in Eq. (12) have the same sign [18] . Similarly, the spin accumulation consists of two terms with opposite signs and has the form [9] : V ac W=2 ÿ2L s j x D = ss ÿ 2e 1 =@ tanhW=2L s , where D is the Drude resistivity, L s is the spin diffusion length, W is the width of sample, and j x is the current density [30] . We then propose a new experiment where the SJ=SS contributions can be distinguished through the temperature dependence of SH yx or the spin accumulation potential V ac . Figure 1 presents the behavior of versus T for experimentally attainable samples. Notice that the values of parameters for theoretical curve designated by circles are exactly the same as the values reported for the samples in [31] . Hence will grow as T 3=2 for low T as a result of scattering from ionized impurities and will decrease as T ÿ3=2 for larger T due to phonon scattering. It is thus possible to observe two changes of sign of V ac moving from low to high Ts:
, where A is found from the low-T mobility and B is fixed by a room temperature mobility of 0:3 m 2 =Vs for AlGaAs. At low T the mobility is low and the SJ contribution to V ac dominates. The first cross in the graph designates the point where the SS begins to dominate, and the second cross, at still higher T, is the point where the SJ retakes control of the sign of V ac . Even if the sign change is not detected, it is possible to tell whether SS or SJ dominates by measuring whether V ac increases or decreases as increases with changing T.
Summary.-We have studied the spin-Hall effect for a [110] QW taking into account the Dresselhaus SO coupling terms and the spin-orbit interaction between electrons and impurities in the presence of electron-electron interactions. We have shown that in the recent experiment of Ref. [7] the spin-Hall effect presents a clean competition between sidejump and skew-scattering contributions (no intrinsic terms). Furthermore, we have proposed a new experiment where the change in the sign of spin-Hall accumulation with temperature reveals the dominance of one or the other effect. Finally, we have proved that the side-jump part of the spin-Hall conductivity is independent of disorder and the Coulomb interaction at all orders, provided the spin current is associated with a conserved component of the spin. FIG. 1 (color online) . Mobility , as a function of temperature T, for three different low-T 's. In the inset, the spin accumulation (V ac ) vs T. The side-jump contribution to V ac dominates for low T. For increasing T, the lower temperature red (or dark gray) cross corresponds to the T where the sign of V ac starts to be controlled by skew scattering, the higher temperature red (or dark gray) cross to the place where side jump dominates again.
